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Analytical Study of the Neutral Stability of a
Model Hypersonic Boundary Layer

Daniel R. Bower* and Ching Shi Liu'
State University of New York at Buffalo, Buffalo, New York 14260

The neutral modes of a hypersonic boundary layer flow over an adiabatic flat plate are considered. A formulation
of the governing second-order linear equation for the pressure disturbance is developed that lends itself to the
application of the WKB method over the entite boundary layer. This formulation provides analytic eigenvalues
and eigenfunction relations for the pressure disturbances and is applicable to flows at moderate Mach numbers
as well. Solutions are determined for the cases of the wave speed ¢ = 0 and ¢ = 1, and show good qualitative
agreement with numerical computations as well as results in the limit M., — oo.

I. Introduction

HE stability of hypersonic boundary layers has always been

a complex and difficult subject. In recent years, because re-
searchers are motivated by the potential application to the design
of high-speed vehicles, much effort and thus much progress have
been achieved towards the understanding of the onset and growth
of instabilities in hypersonic boundary layers. The basic analysis
for compressible stability theory was first developed by Lees and
Lin;! however, most of our current understanding is due to the out-
standing works of Mack,?~* who provided numerical computations
for the inviscid and viscous stability problem and found the invis-
cid disturbances to be the dominant ones at higher Mach numbers.
These inviscid modes exist for a wide range of wave angles. How-
ever, Mack found the inviscid, two-dimensional wave to be the most
unstable; thus to examine the dominant modes, one can reduce the
linear stability equations in the limit Re — oo to the compressible
Rayleigh equation. This equation was analyzed by Mack,® who ob-
tained a full numerical solution. In the limit M,, — oo, Cowley
and Hall’ and Smith and Brown® examined the equation and de-
veloped a solution for the acoustic modes for a fluid satisfying the
Chapman viscosity relation. In addition, Smith and Brown provided
an asymptotic solution for the vorticity mode in the limit My, — oo
by means of the triple deck method. Using a similar technique, Balsa
and Goldstein’ analyzed supersonic mixing layers, and Grubin and
Trigub® examined the problem for fluids with a Prandtl number
other than unity and provided calculations for the vorticity mode
in boundary layer flows of helium. More recently, Blackaby et al.’
studied the vorticity mode in the limit M, — oo for fluids with
the viscosity specified by Sutherland’s law. They also examined this
mode in the leading-edge interaction zone.

Because of the complexity of the problem, even in linear theory,
many of the results rely heavily on numerical computations and/or
asymptotic methods. It is therefore of interest to develop a simplified
model for this problem that can give more analytical details for a
wide range of freestream Mach numbers. In the present study, for
simplicity, we concentrate on the two-dimensional disturbance and
consider high Reynolds number flows past an adiabatic flat plate.
Whereas this simplification reduces the complexity of the problem,
many features of this analysis are applicable to other configurations
such as flows past a cone by a straightforward extension of the
qualitative results. The viscosity of the fluid is assumed to obey the
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Chapman relation, the Prandtl number is assumed to be unity, and
real gas effects are neglected. For the mean velocity, an analytic
expression is developed to approximate the usual Blasius profile.
With these simplifications, the problem can be treated analytically
by means of the well-known WKB method.

II. Formulation

A. Governing Equations

We consider the flow of a parallel, zero pressure gradient hyper-
sonic boundary layer over a flat plate. The surface is assumed to
be adiabatic, the fluid is assumed to be a model fluid, i.e., Prandtl
number of unity, and the viscosity is assumed to be proportional to
the absolute temperature, pt/ o = T’/ T,. The region of interest is
considered to be far away from the leading-edge, such that the flow
is assumed to be locally parallel, with no shock present. The distur-
bance is assumed to be an inviscid, two-dimensional normal mode.

For the linear stability problem for a compressible boundary layer
over an adiabatic flat plate, the governing nondimensional equation
is (see Mack?®)

0

where
M? = p(U —¢)*M%,

where « is the wave number in the freestream direction and is taken
to be real in this analysis, and c is the wave speed. In general, c is
complex and determines the temporal instability of the perturbation;
p and U are the mean flow density and velocity profiles, respectively,
and M is the Mach number of the freestream. All of the properties
are nondimensionalized with respect to the freestream values.

The variable M is referred to as the relative Mach number. It
is the local Mach number of the mean fiow in the direction of the
wave number «, relative to the phase velocity, or conversely M can
be viewed as the Mach number of the disturbance relative to the
sound speed of the mean flow. If ¢ is complex, then M is complex.
In this investigation, we consider real values of ¢ only, i.e., a neutral
disturbance; hence M is real only. The formulation of the governing
differential equation in terms of the relative Mach number provides
a convenient parameter to work with since it contains all of the
physical parameters of the flow.

In Eq. (1), the existence of the parameter ¢ will change the char-
acter of the equation as the value of ¢ varies. The value of this wave
speed, as suggested by Lees and Lin, classifies the neutral wave as
either subsonic, for which 1 — 1/M,, < ¢ < 14 1/My; sonic, for
which ¢ = 1 &+ 1/M,,; and supersonic, for which ¢ < 1 — 1/M,,.
Since both the density and velocity profiles vary throughout the
boundary layer and are always less than one (except at the edge
of the boundary layer), the supersonic case represents the situation
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where M2 > 1 over some portion of the boundary layer, and a
multiplicity of solutions can occur, as first noted by Mack.

B. Method of Analysis

Recently Eq. (1) has been analyzed in the high Mach number limit
by utilizing the Howarth-Dorodnitsyn change of variable (Smith and
Brown, Blackaby et al., and Grubin and Trigub) and also by applying
the triple-deck method (Cowley and Hall). In the present study, we
shall approach this equation directly by means of the WKB method.
The results are then applicable over a wide range of freestream Mach
numbers.

Equation (1) can be rewritten as

1df1dp S 1-M2\,
—_— =] — = =0 2
Mdy(Mdy) a( e )P @
Introducing the transformation,
_ M? _
n:/M2dy=/ — dM 3)
dMm/dy
Eq. (2) can then be reduced to the canonical form
d&?p 2 .
£ _ =0
aE @ Qmp “)
where
[1— M(n)*]
o) = ———— 5
M(n)*

Clearly the relative sonic point (M2 = 1) corresponds to a turning
point of Eq. (4), i.e., where Q(n) = 0. An approximate solution for
Eq. (4) can be obtained by means of the WKB method (e.g., see
Bender and Orszag'’). The WKB approximation yields solutions
on each side of the turning point, as well as an approximate solution
through the turning point. The solution is given as

7

pi(n) = CLEM)H] ™+ exP[ - a/ o dt] 6)
mp

n=n—1n,<0 (=) > (@)~3

Pulr) = 24/mCAi(a~31)

p
P = CI— Q) -%sm[a / \/—Q(t)dt+%] @®)
n

Int <1 0

n=n-1n,>0 7> @3

where C is a constant to be determined, and #;, is the turning point.
The variable p; corresponds to the solution in the relative sonic
portion of the boundary layer, p;; that near the turning point, and
Pr1y thatin the relative supersonic region. With the stability problem
formulated in this fashion, a single differential equation governs
the behavior of the pressure disturbance over the entire boundary
layer. Once a relative Mach number distribution is established for
the problem at hand, the solution is reduced to an evaluation of the
integrals \/O(r)dt and [/=Q() dt over the relative subsonic
and supersonic regions, respectively. It should be noted that these
equations can be reduced to a uniformly valid approximation by
means of the Langer transformation (see Bender and Orszag). This
single equation is valid over the entire boundary layer and is given by

i 2
3 6 1 3 3
ﬁmﬁf<n')=2ﬁ0(7“so) [Q(n')]‘EAil:(TaSo) ] ©)

where
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Fig.1 Relative Mach number profiles for Blasius and tanh(§) velocity
profiles with¢ = 1.

Equation (9) was also obtained for this problem by Nayfeh,!! who
utilized a different transformation of independent variable and ap-
plied the WKB approximation and the Langer transformation to
obtain the single uniformly valid expansion.

Note that this solution retains the multimode character first noted
by Mack. In the supersonic region, the solution has a sinusoidal
form [given by Eq. (8)], and hence there are mutiple values of the
argument of the sine term that will satisfy the boundary conditions
{ e.g., to satisfy the boundary condition p = 0, the sine term can only
have the argument [(2n — 1)/2]7}. Hence the eigenvalue relation
can be shown to be

o = [@Cr — 1)/2]r
N WA OT RN

] n=(1,2,3,...) (10)

1. Solutions for Model Flows

The mean velocity is usually assumed to be the well known
Blasius profile. To develop analytical results for the problem, one
approximates this profile by

U = tanh(3) 1an

where § = 3y.

Figure 1 shows the difference in relative Mach number profile
based on the Blasius profile with that based on the approximate
profile for ¢ = 1. Clearly they have the same qualitative features, and
thus Eq. (11) represents a reasonable approximation for the Blasius
profile in establishing the relative Mach number distribution.

For a Prandtl number of unity and viscosity that is proportional
to the absolute temperature, the density is given by

-1
o= [1 + @Mﬁl - UZ)] (12)

These simplified profiles are used to obtain solutions for various
values of the wave speed c.

A. Waves withc = 0

We first examine the case for ¢ = 0, which would correspond to a
standing, neutral, two-dimensional wave. Whereas this type of wave
is typically highly damped in a hypersonic boundary layer, the be-
havior of the neutral portion of the wave is examined to demonstrate
the procedure in which the eigenfunction and eigenvalue relation are
determined using this formulation.

For the case ¢ = 0, Egs. (11) and (12) yield

_ Moo[tanh($)]
V14 = 1)/2M2[1 — tanh(3)?]

(13)
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where

=D
-2

- 2
(r — DM,

r

a1s)

With this wave speed, the sonic point in the relative Mach number
profile given by Eq. (13) [and corresponding to the turning point of
Eq. (4)] is near the wall, with the relative supersonic region above
the turning point and extending into the freestream. For this case,
the appropriate boundary conditions for Eq. (1)are p = 0aty =0,
and p is bounded as y — oo.

Using Egs. (13) and (14), the transformation given by Eq. (3) is

_ [ MANTVTFe
1+TMZ

x { sinh™ Myr__ VT
L+ (M/Ms)| T|Msx+ M|

+ sinh™! MT/F + /T — | |
1—-M/My)| T|Me— M|

— M2 /1 + €sinh™ (M~/T) (16)

To apply the WKB approximations given by Egs. (6-8), one must

evaluate the integrals [+/—Q(¢) dr and f +/ Q(t) dt. For the relative
supersonic region, the integral is written as

S "o VMr -1
0 = RN

=y M?

dn/

Using Eqs. (3), (13), and (14), one can reduce this integral to
So(y, Mco)

7 10 Moo) -1 _
=+/TV1+e — — dM
H=1 [1- 12/M2)]V1+ M2

which yields

M2 JTW/1
So(y, M) = (M)
2/1+TMZ
x (sinh—1 { M(y, Mex)v'T
1= [M(y, Mw)/ Ml
o)
F,Moo - M(y, Moo)l

+

— sinh™! { M(y’ Moo)*/F
11+ [M(y, Mo)/ M)l

- ‘/F }) ) a7
TMo + M(y, Ms)|

A similar method is employed to obtain the integral in the relative
subsonic region, below the turning point. The eigenfunction given
by Eq. (9) can be now be written

o 3a 8
punif(yy Moo) = ZﬁCI:?So()’, Moo)]

X [Q(y, M) -%Ai{ [%‘"so(y, Moo)] ] (18)
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Fig.2 Pressure perturbation for M = 6,n = 3,and ¢ = 0.
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Fig. 3 Eigenvalue relation for ¢ = 0.

where So(y, M) is given by Eq. (17) for the relative supersonic
region, and a similar relation is obtained for the subsonic portion,
using Q(y, M), given by Eq. (5) with M? < 1.

Figure 2 shows the third mode of the eigenfunction for a
freestream Mach number of 6. This solution has the expected be-
havior, as inferred from the relative Mach number profile for this
case with the disturbance decaying to zero in the relative subsonic
region near the wall, attaining an oscillatory nature in the super-
sonic region. The amplitude of the disturbance eventually levels to
a constant value in the freestream outside the boundary layer.

To obtain the eigenvalue relation given by Eq. (10), Eq. (17) is
evaluated at the limits of integration, i.e., between the turning point
and the edge of the boundary layer, which yields

P Rl Vs ((Mgoﬁ«/we)
T2

2/14+TM2
x{sinh'l[ Ma_ﬁ + ﬁ — ]
1= (Ms/Mx)l T |Mo — Ms|
ot [ VT VT ]
|11+ (M5/Mo)| T (Mo + M)
[ JT 1
— sinh™!
S cys v +JF(MOO—1)]
_ «/F 1 -1
inh~! - 4 19
A Fewiyy 7 JF<M°°+1)]}+”/) 19

Equation (19) is shown in Fig. 3 (using y = 1.4) for the first
five neutral modes and clearly demonstrates the multiplicity of the
solutions. The solutions for the eigenvalue and the eigenfunction
exhibit all of the features expected for this wave speed, as inferred
from the relative Mach number distribution. However, in this formu-
lation these approximate solutions were obtained analytically and
are valid for a wide range of freestream Mach numbers.

B. Waves withc =1

‘We now apply the same procedure to the case of the disturbance
with a wave speed equal to the mean velocity at the edge of the
boundary layer. As discussed by Mack, this wave is the most signif-
icant of the noninflectional neutral modes, which have phase veloc-
ities inthe range 1 < ¢ < 14 1/M. This mode, with a wave speed
of ¢ = 1, was examined in the limit M — oo by Smith and Brown
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Fig. 4 Relative Mach number profiles for several freestream Mach
numbers with ¢ = 1.

and Cowley and Hall and was treated numerically by Mack. In this
situation, the turning point is at the edge of the boundary layer, and
the relative supersonic region appears near the wall. Here, in con-
trast to the previous case, there is the possibility that waves may be
trapped in the relative supersonic region, between the wall and the
turning point. This case is also of importance since this neutral wave
is accompanied by a family of unstable waves with ¢ < 1, and these
subsonic waves (by the Lees and Lin criteria) are considered to be
the most unstable ones.

Using Egs. (11) and (12), one can find that the expression for the
relative Mach number for the case ¢ = 1 is

i M[tanh($) — 1] 20)
V1+(y — 1/2)M2[(1 — tanh($)?]

This profile is shown in Fig. 4 for several freestream Mach num-
bers. For this case, the appropriate boundary conditions for Eq. (1)
are

PO _o,  p@=0
y
With this expression, Eq. (3) yields
_ 2 (Z - 1)2 dz
”“M“f [1+(1/e)(1—z2) -2 @

where
z = tanh(¥)
The expression for = 1(z, M) is now

n(z, Moo)

L | 1+ (1/2rm2) 1+ (1/TM,) -z

ol x log
J1+(1/TM2)

— log[1+ (1/TM2) — 2] + 2log(z + 1) (22)

1+ (1/TM2) +2

To develop the eigenvalue relation and the associated eigenfunction
for the pressure perturbation, one follows the same procedure as in
the previous case, i.e., an evaluation of the integral

Ny=yt /Mz -1 g
w

Ny=0

So = 23)

in the supersonic region near the wall below the turning point and

=t 1 — M? d
7

Ny=yt

So = 24

for the region above the turning point, where M is now given by Eq.
(20). Utilizing the transformation given by Eq. (21), one can now
give Eq. (23) by

So(z. M2) = /

which, after some algebraic manipulation, may be written as
‘ dz

Solz, Mgo = f

M) = | e ha—se=n

M2 (z —1)? _ dz
1+Q/e)(1 -2 1-2?%

+/' Adz
@+ DJ@a—2)z—b)z—c)z—4d)

_ / Bdz 25
z-DV@—-2z-b)z—-c)z—4d)

where

=,/1
a +FM§°

Jrl+ (/mz)] + (1/mz) -1
1+T

c=—_[1+

™2

d= _\/F[l + (1/M2)] + (1/M2) -1
1+T

A=11+bd—(b+d)]
B=—}[1+bd+ (b+d)]

The first integral in Eq. (25) is easily recognized as an elliptic
integral; the integrands in the second and third integrals may be
reduced to Jacobian elliptic functions, and the integration will yield
(see Byrd and Freidman!?)

Solz, M%) = gF (@, k)

Ag
PG 4Dl IR +1F @)
Bg
" 26 ol — M@K+ FG.b] )

where F (¢, k) and I(¢, A2, k) are incomplete elliptic integrals of
the first and third kind, respectively, with

B 2
8= Ja-ot-0d
2 (a@a—b)c—4d)
C(@a-0b-d

¢=9) = Sin'l[

(@a—c)z—-b) 1
(@a—-b)z—o)

> (1+0)a—-b)
47 (1+b@—-o

2o -a@-b
BT (-b)a—-o)
2_a—b
A _a—c
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Fig.5 Pressure perturbation compared with results of Mack for M, =
10,n =3,andc = 1.
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Fig. 6 Eigenvalue relation for ¢ = 1 compared with the numerical
results of Cowley and Hall.

A similar relation is developed for the relative subsonic portion of
the boundary layer. These integrals are then substituted into Eqgs. (9)
and (10) to obtain the eigenfunction and eigenvalue relations, as in
the previous case.

Figure 5 shows the eigenfunction given by Eq. (9) corresponding
to the third mode of the eigenvalue relation. Note that the wave shows
a decay as it passes through the turning point and decays to zero in
the sonic portion, as shown by previous researchers. Hence this
result accurately portrays the situation when the wave essentially is
trapped between the wall and the sonic line within the boundary layer
and may be accompanied by a family of unstable waves. Figure 5
also shows the direct numerical solution of Eq. (1), obtained by
Mack for the same case. The largest discrepancy between the present
result and that of Mack appears near the turning point. In Mack’s
computation, a Blasius type profile is used for the mean velocity;
as shown previously in Fig. 1, the largest deviation in relative Mach
number profiles using a Blasius velocity profile and a tanh velocity
profile occurs near the turning point. Hence, the variation of the
two results is due in large part to the minor difference in the mean
profiles used in each study. However, there is still a good qualitative
comparison between the results.

The eigenvalue relation is expressed as a function of Mach number
only for each mode by evaluating these integrals given by Eq. (23)
between the wall and the sonic point, giving

_ [2n—1)/2]x
T So(zr, Moo) — So(0, M)

n

@7

This relation is shown in Fig. 6. Referring back to Fig. 4, it is inter-
esting to note that as the freestream Mach number increases, even
with the critical point (M? = 0) at a constant position, namely, at
the edge of the boundary layer, the turning point of this problem
moves out towards the edge of the boundary layer. For the solution
to satisfy the boundary conditions both at the wall and the turning
point, the wavelength of the disturbance must increase. The eigen-
value relation obtained, shown in Fig. 6, reflects this trend, with
the wave number monotonically decreasing with increasing Mach
number. Also shown in Fig. 6 are the direct numerical results of
Cowley and Hall for the case ¢ = 1, which show good qualitative
comparison with the results obtained here, especially at large values
of the freestream Mach numbers.

A high Mach number approximation for the eigenvalue relation
is obtained in this formulation by expanding Eq. (26) by use of the
series representation of the incomplete elliptic integrals (see Byrd

Table1 Comparison of the eigenvalues
oM?_ with the results of Smith and Brown

and Cowley and Hall
Smith Cowley

n and Brown and Hall Egq. (30)
1 1.757 3.401 3.427
2 8.785 9.786 10.28
3 15.81 16.50 17.13
4 22.84 23.36 23.98
5 29.87 30.28 30.84

0.8 e

Eq. (30)—
06 Ref. 7
o 0.4
0.2
03 i 3 ] 10
Moo

Fig.7 Asymptotic eigenvalue relation given by Eq. (30) compared with
asymptotic results of Cowley and Hall.

and Freidman) and retaining the first few terms in the series, i.e.,
3k )
F(p, k)~ ¢+ —8—~(¢ — sin¢ cos @)

15k

~gPe-G+ sin® ¢) sin ¢ cos ] + - - - 28)
H(¢ A k) "o g‘i ¢+ )L—g(¢—sin¢cos¢) +--- (29)
e 422 4

Using the series representations given by Egs. (28) and (29) and
substituting into Eq. (26) for Sy(z, M%), after considerable alge-
braic manipulation an expression for large Mach numbers for the
eigenvalue relation given by Eq. (10), given by

_3nQ@n- 1)(1+I‘)[ a(T)

-1
=2 e ao<F)Mgo+"'] G0

where

4JT+T (3 —4yD)]
14T

a1 (T) & 24/1 +T(9.5T + 4.5¢/T —3.5)

ap(l) ~

which in the limit M., — oo is further reduced to

U3m@n—-DA+D)

QN = 31
2 TFamMe e
This asymptotic expression for the eigenvalue relation with y
=l.4andn = 1—4isshowninFig. 7 compared with the eigenvalues
given by Cowley and Hall, obtained by a direct numerical solution of
Eq. (1) for a Blasius boundary layer. These results for the eigenvalues
a M2, of the acoustic modes are also shown in Table 1, along with
the asymptotic results of Smith and Brown. The prediction in this
formulation, even in the limit of high Mach numbers, compares very
favorably with the numerical and asymptotic results.

IV. Summary and Conclusions

We have shown that the compressible form of the Rayleigh equa-
tion for two-dimensional inviscid disturbances can be formulated
in such a fashion that the WKB method may be utilized throughout
the entire boundary layer. This method of analyzing the linear two-
dimensional stability problem provides a uniformly valid approxi-
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mate solution for the disturbance and for the associated eigenvalue
relation. The solutions obtained by using this method have shown
consistent qualitative agreement with the numerical computations
of Mack and Cowley and Hall, as well as the asymptotic results
of Smith and Brown. This was shown for the cases of ¢ = 0 and
1, the latter case representing the situation when the relative sonic
point is near the edge of the boundary layer, and the pertubations
are considered to be all acoustic modes.

In the present study, the governing equation is derived such that
the perturbation is expressed in terms of the relative Mach number,
a parameter that contains all of the flowfield parameters. As a result,
the only values that need to be calculated to obtain the eigenvalues
and corresponding eigenfunctions are the integrals f V—Q(@)dt
and f /O(¢)dt that are functions of the relative Mach number
distribution only. Hence, this method could be applied to a variety of
different problems, as long as the relative Mach number distribution
could be determined for the problem, e.g., a flat plate with heat
transfer. Of course, for certain distributions, these integrals may not
be evaluated in closed form; then either an approximate integral may
be obtained or the integration may be performed numerically. Thus,
this approach provides a much simpler method than a full numerical
integration of the governing equation.
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